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Abstract
A phenomenological approach of heat transfer in nano-systems is proposed, on the basis of a continued-fraction
expansion of the thermal conductivity, obtained within the framework of extended irreversible thermodynamics.
Emphasis is put on the transition from the diffusive, collision-dominated heat transport to the ballistic heat
transport, as a function of the mean free path and the length of the system.
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1. Introduction
The surge of interest in nano-technology during the last decade has opened new perspectives in the
analysis of heat transport, from which it results that heat transfer in nano-structures is significantly
different from that in macro-systems [1,2]. In particular the ratio between the mean free path  and the
system characteristic length L , the so-called Knudsen number (Kn ≡ /L), becomes comparable to or
higher than 1 in this regime. As a consequence, the heat transport is no longer diffusive (i.e. dominated
by collisions amongst the particles of the system) but becomes ballistic (i.e. dominated by collisions
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with the walls). Therefore, the usual Fourier law describing diffusive transport must be generalized
to cover conveniently the mentioned transition. This may be done from several points of view, as for
instance Boltzmann’s equation [3], thermodynamic formalisms as extended irreversible thermodynamics
(EIT) [4,5] or dual time lag equations [6], or computer simulations [7–10].
To state the problem in simple terms, consider a one-dimensional nano-system of length L , on whose
opposite boundaries temperatures T and T − T have been imposed. Then, the heat flux q takes the
following limiting forms:
q = λT
L
(diffusive transport), (1)
q = ΛT (ballistic transport) (2)
where λ denotes the thermal conductivity and Λ a heat conduction transport coefficient. For
instance, for a monatomic ideal gas in the diffusive regime, the kinetic theory [4,11] yields λ =
(5/2)nkB(kBT/m)1/2, with n the particle number density, m the mass of the particles, kB the Boltzmann
constant and  the mean free path given by  = (kBT/m)1/2τ , with τ the average time between
successive collisions; in the rarefied gas regime, the heat conduction coefficient Λ is found to be
Λ = (1/2)nkB(kBT/m)1/2. Notice that the thermal conductivity λ is proportional to  whereas Λ does
not depend on it. In the diffusive limit, when /L  1, the heat flux depends on the temperature gradient,
according to Fourier’s law, whereas in nano-systems, where /L  1, it depends only on the temperature
difference, but not on the length L of the system. Let us also mention that computer simulations of heat
transport in one-dimensional systems (harmonic and an-harmonic lattices, hard or soft spheres, etc.)
suggest that in some situations one has, instead of Fourier’s law, a more complicated behaviour of the
form
q = λ(T )T
Lα
, (3)
with α an exponent whose value depends on the details of the system. For instance, it is found that
α = 0.63 for some an-harmonic chains or one-dimensional gases [6–9], 1/2 for disordered harmonic
chains with free boundaries [10] or 3/2 for disordered harmonic chains with fixed boundaries [10].
Therefore, the transition from ballistic to diffusive regime seems nowadays to be one of the most active
frontiers in heat transport research.
2. A generalized effective heat conductivity
Here, we will focus on the modelling of the crossover regime between the two different scalings
of heat transfer with the system dimensions provided by (1) and (2), and we will not deal with the
situation (3). Such a modelling can be achieved by proposing a generalized heat conductivity λ(T, /L),
in such a way that
q = λ(T, /L)T
L
. (4)
The limiting behaviour of this generalized conductivity to recover expressions (1) and (2) in the suitable
situations should be
λ(T, /L) → λ(T ) for /L → 0, (5a)
λ(T, /L) → λ(T )
a
L

≡ Λ(T )L for /L → ∞, (5b)
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where a is a constant depending on the system. In the above example of the ideal gas, Λ(T ) is related to
λ(T ) by Λ(T ) = (1/5)λ(T )/.
From a heuristic point of view, one could try to explore several ad hoc possibilities, as for instance
λ(T, /L) = λ(T )
1 + a L
(6a)
λ(T, /L) = λ(T ) tanh
(
b
L

)
(6b)
or many other possibilities. The aim of the present letter is to use a continued-fraction approach for
the heat conductivity as proposed in extended irreversible thermodynamics [4,5] in order to find an
expression for λ(T, /L).
In EIT, all the fluxes are taken as independent variables, whose evolution equations are determined
within the thermodynamic formalism [4,5]. The physical motivation for elevating the fluxes to the rank
of independent variables is to include memory and non-local effects in the transport equations; this will
result in finite speed of propagation for dissipative pulses, in contrast with the classical theory, which
predicts for them an infinite speed in the high-frequency regime. The technological interest in high-
frequency perturbations, and in small systems, has given a new impetus to such generalizations of the
transport equations. In particular, in the EIT analysis of heat transport in quiescent bodies, the evolution
equations for the heat flux vector q = J (1) and all its higher-order fluxes J(n) constitute a hierarchy of
equations of the form [4,5]:
∇T −1 − α1J˙(1) + β1∇.J(2) = µ1J(1),
βn−1∇J(n−1) − αn J˙(n) + βn∇.J(n+1) = µnJ(n), (n = 2, 3, . . .) (7)
with µn ≥ 0, as required from the positiveness of the entropy production.
In the frequency (ω) and wavenumber (k) Fourier space, the hierarchy of Eq. (7) may be rewritten as
a generalized transport law with (ω, k)-dependent coefficients, namely
J˜ (1)(ω, k) = −ikλ(ω, k)T˜ (ω, k), (8)
where J˜ (1)(ω, k) and T˜ (ω, k) are the Fourier transforms of J(1) ≡ q(r, t) and T (r, t). The generalized
heat conductivity λ(ω, k) stands for
λ(ω, k) = λ(T )
1 + iωτ1 + k
2l21
1 + iωτ2 + k
2l22
1 + iωτ3 + k
2l23
1 + iωτ4
(9)
wherein n are characteristic lengths of the order of the mean free path, given by l2n = β2n (µnµn+1)−1 >
0 and τi the relaxation times of the respective fluxes, given by τi = αi/µi . As recalled above, this
approach has proved to be useful to calculate the speed of ballistic transport by phonons [5,12]. Indeed,
whereas a truncation limited to the first order in the relaxation time τ1 yields a good prediction for the
speed of the second sound (which is vp/
√
3, with the vp phonon speed) it is known that the speed
of propagation of ballistic phonons should be vp. This asymptotic behaviour may be obtained (as the
high-frequency limit of the phase speed of thermal waves) from an asymptotic expression of (9), as was
explicitly derived in [12].
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In the steady state (ω = 0), expression (9) allows us to define a k-dependent thermal conductivity
λ(k). Since in the situation investigated here the system is characterized by one single length scale, the
length L , its seems natural to identify k, with the inverse of the length of the system, 1/L . This yields an
expression for λ(T, /L), which is what we are looking for in this work. It should be observed that by
limiting the expansion (9) to the second-order approximation, i.e.
λ(T, /L) = λ(T )
1 + (/L)2 , (10)
one would obtain within the limit /L → ∞ an expression for λ(T, /L) proportional to L2, instead of
the required behaviour (5b), proportional to L . This is the reason why we are not allowed to truncate the
expansion (9) at a finite order of approximation, but we must take its full asymptotic limit.
Particular explicit expressions of our proposed expression may be found in some cases. (a) The
simplest case consists of taking the same value for all the ln . For instance, if l2n = (1/4)2, which
was the approximation used in our dynamical analysis in [12], it is found that
λ(T, /L) = 2λ(T )L
2
2


√
1 +
(

L
)2
− 1

 , (11)
which indeed reduces to λ(T ) for /L → 0 and to 2λ(T )(L/) for /L → ∞; these are the required
asymptotic behaviours, as in the former case expression (4) is identical to Fourier’s law (1) while in the
latter case one recovers (2) with Λ(T ) = λ(T )/. (b) Another possibility is to select ln as l2n = αn+12,
with αn = n2[(2n + 1)(2n − 1)]−1, which is of interest because it corresponds to a detailed analysis of
photon or phonon heat transport [13]; the corresponding asymptotic behaviour is
λ(T, /L) = 3λ(T )L
2
2
[
/L
tan−1(/L)
− 1
]
, (12)
which still reproduces the transition from (1) to (2).
3. Conclusions and perspectives
To conclude, we want to stress that by including an infinite number of higher-order fluxes in the
description of extended irreversible thermodynamics, we were able to interpret in a simple and direct
way the transition from the diffusive to the ballistic regimes of heat transport, a regime which is relevant
in nano-systems. The results which are obtained reflect clearly that the formulation of generalized
transport equations yielding a finite speed of propagation (which was one essential motivation for the
early development of extended irreversible thermodynamics twenty years ago), may be of importance
in modern nano-scale technology. Similar arguments could be applied to the study of other transport
phenomena such as diffusion or charge transport in microelectronic devices, where EIT has also proved
convenient [4]. A last argument in favour of an asymptotic development is the following. It should be
realized that in practical situations one measures only the heat flux but not higher-order fluxes. In that
respect, the asymptotic development described above presents the advantage of introducing one single
effective transport coefficient for the heat flux which includes the effects of all the higher-order fluxes.
To make contact with kinetic theory, it may be outlined that the expansion (9) may be obtained from a
linearized Grad expansion to all orders in the fluxes, i.e. an expansion not restricted to the first moments
of the distribution function (namely, density, velocity, internal energy, viscous pressure and heat flux) but
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taking into account all the moments of the velocity distribution function [4]. Thus, though our approach
is essentially phenomenological, it could be given in the future a detailed microscopic support from the
kinetic theory of gases.
Another possibility to be explored in the future would be to separate the ballistic and the diffusive
effects and to split, as proposed recently by Chen [14], the heat flux q into two parts: a diffusive part qd
and a ballistic contribution qb so that q = qd + qb. The diffusive heat flux will be expressed by means
of a Fourier law qd = −λ(T )∇T or a Cattaneo equation, while the ballistic flux would be given by
qb = −Λ(T, /L)T , as proposed in the present note, but where the above expression represented the
total heat flux.
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